Abstract-Full-Duplex (FD) transceivers may be expensive in terms of complexity, power consumption, and price to be implemented in all user terminals. Therefore, techniques to exploit in-band full-duplex communication with FD base stations (BSs) and half-duplex (HD) users' equipment (UEs) are required. In this context, 3-node topology (3NT) has been recently proposed for FD BSs to reuse the uplink (UL) and downlink (DL) channels with HD terminals within the same cell. In this paper, we present a tractable mathematical framework, based on stochastic geometry, for 3NT in cellular networks. To this end, we propose a design paradigm via pulse-shaping and partial overlap between UL and DL channels to maximize the harvested rate gains in 3NT. The results show that 3NT achieves a close performance to networks with FD BSs and FD UEs, denoted by 2-node topology (2NT) networks. A maximum of 5% rate loss is reported when 3NT is compared to 2NT with efficient self-interference cancellation (SIC). If the SIC in 2NT is not efficient, 3NT highly outperforms 2NT. Consequently, we conclude that, irrespective to the UE duplexing scheme, it is sufficient to have FD BSs to harvest FD rate gains.
I. INTRODUCTION
Time division duplexing (TDD) and frequency division duplexing (FDD) are the commonly used techniques to protect receivers from their overwhelming self-interference (SI). This implies that the resources (i.e., time or frequency) are divided between forward and reverse links. TDD and/or FDD, denoted as HD communications, create a performance tradeoff between forward and reverse links because each has limited access to a common pool of resources. This tradeoff can be eliminated using SI cancelation techniques, which emerged from recent advances in analog and digital circuit design [1] . SI cancelation enables in-band FD communication, which gives the forward and reverse links the opportunity to utilize simultaneously the complete set resources. In this case, transceivers are capable of sufficiently attenuating (up to -100 dB [2] ) their own interference (i.e., SI) and simultaneously transmit and receive on the same channel, which offers higher bandwidth (BW) for FDD systems and longer transmission time for TDD systems. Consequently, FD communication improves the performance of both the forward and reverse links, in which the improvement depends on the efficiency of SI cancelation.
In addition to the SI cancellation, receivers in FD largescale setup experience more severe mutual interference when compared to the HD case. This is because each FD link contains two active transmitters while each HD link contains an active transmitter and a passive receiver. Therefore, rigorous studies that capture the effect of the networks interference on FD communication is required to draw legitimate conclusions about its operation in large-scale networks. In this context, stochastic geometry offers an elegant mathematical framework to model FD operation in large-scale setup and understand its behavior [3] . Stochastic geometry succeeded to provide a systematic mathematical framework for modeling both ad-hoc and cellular networks [3] - [5] .
Despite the higher interference injected into the network, recent studies have shown that FD communications outperform HD communications if sufficient SI cancellation is achieved. For instance, the asymptotic study in [6] shows a maximum improvement of 80% rate gain, which monotonically decreases in the link distance, for FD communication over the HD case. A more realistic ad-hoc network setup in [7] shows that FD offers an average of 33% rate gain when compared to the HD operation. In the case of cellular networks, [8] shows around 30% improvement in the total rate for FD when compared to the HD case. However, [2] reveals that the FD gains are mainly confined to the DL due to the high disparity between UL and DL transmission powers. Furthermore, the authors in [9] - [12] show that when a constrained power control is employed in the UL, the FD communication gains in the DL may come at the expense of high degradation in the UL rate. Therefore, [9] advocates using pulse shaping along with partial overlap between UL and DL spectrum to neutralize DL to UL interference and avoid deteriorating UL rate. With pulse shaping and partial UL/DL overlap, [9] shows a simultaneous improvement of 33% and 28% in the UL and DL rates, respectively.
To harvest the aforementioned gains, FD transceivers are required on both sides of each link. However, in the context of cellular networks, operators can only upgrade their BSs and do not have direct access to upgrade UEs. Furthermore, FD transceiver may be expensive in terms of complexity, power consumption, and price which impedes their penetration to the UEs' domain. Therefore, techniques to achieve FD gains in cellular networks with FD BSs and HD UEs are required. The 3 node topology (3NT) is proposed in [13] - [16] to exploit FD communication with HD UEs. In 3NT, the BSs have SI capabilities and can simultaneously serve UL and DL users on the same channels. That is, each BS can merge each UL/DL channel pair into a larger channel and reuse that channel to serve an UL user and a DL user simultaneously. The studies in [13] - [15] show the potential of 3NT to harvest HD gains. However, the results in [13] are based on simulations, and the results in [14] - [16] are based on the simplistic system model.
In this paper, we present a unified mathematical framework, based on stochastic geometry, to model 3NT (i.e., FD BSs and HD users) and 2NT (i.e., FD BSs and UEs) FD communication in cellular networks. Different from [14] - [16] , the presented system model captures realistic system parameters such as pulse-shaping, matched filtering, UL power control, partial uplink/downlink overlap, imperfect SIC, and maximum power constraint for UEs. The proposed mathematical framework is then used to conduct a rigorous comparison between 3NT and 2NT. We also exploit a fine-grained duplexing strategy that allows partial overlap between the UL and DL channels, which we denote as α-duplex (αD) scheme [9] . The parameter α ∈ [0, 1] controls the amount of overlap between UL and DL channels and captures the HD case at α = 0 and the FD case at α = 1. Hence, the parameter α can be used to visualize the gradual effect of FD interference on the system performance and optimize the amount of the overlap between UL and DL channels.
The results show that when 2NT have sufficient SI cancellation, the rate loss for using 3NT is below 5%. On the other hand, when 2NT have inefficient SI cancellation, the 3NT rate significantly outperforms 2NT rate. The main conclusion is that it is not necessary to implement SI cancelation in the UEs to harvest FD gains.
The rest of the paper is organized as follows: in Section II, we present the system model and methodology of the analysis.
In Section III, we analyze the performance of the α-duplex system. Numerical and simulation results with discussion are presented in Section IV before presenting the conclusion in Section V. BS is denoted by x j ∈ R 2 . Beside simplifying the analysis, the PPP assumption for abstracting cellular BSs is verified by several experimental studies [4] , [5] . UEs are also distributed according to a PPP Φ u , which is independent from Φ d , with intensity λ u , where λ u ≫ λ. It is assumed that all BSs transmit with a constant power P d . In contrast, UEs employ a truncated channel inversion power control with maximum transmit power constraint of P (M) u [17] . That is; each UE compensates for the path-loss to maintain a target average power level of ρ at the serving BS. UEs that cannot maintain the threshold ρ do not transmit and go into truncation outage. Extending the model to the case where UEs in truncation to transmit with their maximum power is straightforward and is done in our previous work [18] .
The power of all transmitted signals experience a power law path loss attenuation with exponent η > 2. Also, Rayleigh fading channels are assumed such that the channels power gains 
B. Operation Modes and Spectrum Allocation
Without loss of generality, we assume that all BSs operate in αD scheme. We also assume that each BS has two UL-DL pairs that are universally reused across the network. We denote the BWs used in the HD case in the UL and DL, respectively, as B For simplicity, we assume that f
in the 3NT scenario and f
in 2NT scenario to avoid adjacent channel interference between different UL-DL pairs. It is worth noting that the idealized rectangular frequency domain pulse shapes shown in Fig. 1 are for illustration only. However, as will be discussed later, we use time-limited pulse shapes that impose adjacent channel interference due to the out of band ripples in the frequency domain. In a 2NT, users have FD transceivers and can use the UL and DL belonging to the same UL-DL pair for their α-duplex operation. In contrast, 3NT UEs have HD transceivers and cannot transmit and receive on overlapping channels. Hence, each HD user is assigned his UL and DL channels from two different UL-DL pairs as shown in Fig. 1 . Consequently, 3NT UEs can benefit from the larger BW channels without SI. Note that in both cases, the BSs experience UL to DL interference. Particularly, in the 2NT (3NT), the UL and DL channels of the same (different) UEs interferes together and at the BS. Note that the DL for 2NT also experiences SI that requires SI cancellation techniques at the UE. In contrast, 3NT experience intra-cell interference that can be mitigated by scheduling and multi-user diversity techniques.
For the BSs and 2NT UEs, we denote the SI attenuation power as βh s , where β is a positive constant that represents the mean attenuation power value and h s follows a general unity mean distribution with PDF given by f Hs (x). Two special cases on interest for f Hs (x) are considered and compared in this paper, namely, constant attenuation where f Hs (x) is a degenerate distribution as in [9] , [19] and a random attenuation where f Hs (x) is an exponential distribution as in [15] .
C. Pulse Shaping
To avoid inter-symbol interference, we employ time-limited pulse shaping. We assume a unit energy pulse shape s d (t) FT ←→ S d (f ) to be used by all BSs in the DL and a unit energy pulse shape s u (t) FT ←→ S u (f ) to be used by all UEs in the UL, where FT denotes the Fourier transform (FT). To have a unified effective BW for all values of α in the αD mode, the null-to-null BW of the pulse-shapes is kept equal to the channel BW. In other words, increasing the null-to-null BW with α reduces the pulse width in the time domain that implies higher data rate. Therefore, the pulse shapes are functions of the parameter α. Assuming triangular and rectangular pulse shapes, their FTs are given by
where b = R when the rectangular pulse is considered and b = T when triangular pulse is considered.
D. Base-band Signal Representation
For the sake of simple presentation, we use b d and b u to denote the used pulse shapes in the DL and UL, respectively, where b d , b u ∈ {R, T } for rectangle and triangle pulse shapes, respectively. Also, we use v,v to indicate the desired transmission, where v,v ∈ {d, u}, v =v, for DL and UL, respectively. Exploiting this notion, the received baseband signal at the input of the matched filter of the test transceiver (BS or UE) can be expressed as
where A is the intended symbol which is drawn from a bidimensional, symmetric unit energy constellation, h o is the intended channel power gain, P vo is the transmitted power by the desired transmitter, r o is the serving distance between the UE and its the serving BS,Ψ d ⊆ Ψ d is the set of interfering BSs, I
(d→v) j (t) is the DL interference from the j th BS,Ψ u ⊂ Ψ u is the set of interfering UEs, I
(u→v) j (t) is the UL interference from j th UE. I sv (t) is the SI term affecting the v direction, and n(t) is a white complex Gaussian noise with zero mean and two-sided power spectral density N o /2. The symbols transmitted by interfering network elements are abstracted via Gaussian codebooks as in [20] . It is shown in [21] , [22] that such abstraction has negligible effect on the interference and signal-to-interference-plus-noise-ratio (SINR) distributions. In this case, the interference in (2) can be expressed as ) where Γ dj and Γ uj are independent zero-mean unit-variance complex Gaussian random variables representing the interfering symbol from, respectively, the j th interfering BS, the j th interfering UE. h j is the channel power gain, r j is the distances between the tagged receiver and the j th interfering transmitter. P uj is the transmitted power of the j th interfering UE and P d is the transmitted power of an interfering BS. The SI term in (2) is given by
where, β u and β d represent the average attenuation power to the SI in the UL and DL, and P uo is the transmit power of the tagged UE.
E. Methodology of Analysis
The analysis is conducted on a test transceiver on a test channel pair, which is a BS for the UL and a UE for the DL, located at the origin. According to Slivnyak's theorem [4] , there is no loss of generality in this assumption. Also, there is no loss of generality to focus on a test channel pair as interference on different bands are statistically equivalent. The positive impact of FD communication can be assessed via the ergodic rate, which is defined as
In (7), the degraded SINR inside the log 2 (.) function is compensated by the increased linear BW term. Hence, (7) can be used to assess the performance gain associated with FD operation fairly. The outage probability represents an alternative way to judge the effect of FD communication on the network performance fairly. The outage probability is defined as the probability that the current link capacity is less than the desired rate (R d ), which is expressed as
In the analysis, we start by modeling the effects of matched and low-pass filtering on the baseband signal. Then, based on the baseband signal format after filtering, the expressions for the SINR in different cases (i.e., UL, DL, 3NT, and 2NT) are obtained. The performance metrics in (7) and (8) are then expressed in terms of the LT of the PDF of the interference, which is obtained later to evaluate (7) and (8).
III. PERFORMANCE ANALYSIS
The received signal is first convolved with the conjugated time-reversed pulse shape template, passed through a low-pass filter, and sampled at t = t o . The baseband signal after filtering and sampling at the input of the decoder is given by:
where h v (t) is the combined matched and low-pass filter impulse response with the following frequency domain representation
where S(f, B αD v , b v ) is given in (1). The factors I(.) and C(.) in (9) represent the intra-mode (i.e., from UL-UL or DL-DL ) and cross-mode (i.e., from UL-DL or vice versa) effective received energy factor, respectively. From (3), (4), (10) , and expressing the convolution in the frequency domain, the pulse shaping and filtering factors are obtained as,
where ∆f denotes the difference between the DL and UL center frequencies (see Fig. 1 ), which is given by:
It should be noted that although same mode users use similar pulse shapes, the effective energy received from intra-mode transmitters is not unity as shown in (11) . This is because (10) includes the combined impulse response of the matched and low-pass filters, which extracts the desired frequency range from the received signal. Consequently, the energy outside the desired BW is lost and the energy contained within the pulse shape is no longer unity. Also, the cross mode interference factor in (12) is strictly less than unity due to low-pass filtering, the possibly different pulse shapes, and the partial overlap between cross-mode channels.
Last but not least, there is no unified expression for the SI term I (χm) sv (t). * h v (t − t 0 )| t=to in (9) . This is due to the different expressions of the SI terms in (5) and (6) . However, similar to (11) and (12), expressions for the different SI cases can be obtained. For brevity, the SI term is left in the convolution form in (9) . The noise term σ v 2 in (9) represents the effective noise power after filtering with (10) and is given by,
Let Ξ v = {r 0 , r i , h o , h i , P vo , P ui , h s }, then conditioning on Ξ v the SINR is given by
where σ 2 sv represents the residual SI power. From (5) and (6), σ 2 sv can be expressed for the UL and DL as
3NT (17) The SINR in (15) is used in the next section to evaluate the outage probability and rate as discussed in Section II-E.
A. Performance Metrics
Following (8), the outage probability is given by,
Let I v be the aggregate interference (i.e., intra-mode, crossmode, and SI), then substituting for the SINR from equation (15) in equation (18) we get, (19) where (i) follows from the exponential distribution of h o . Following the same methodology, the ergodic rate in (7) can be rewritten as,
where (i) follows from the fact that the SINR is strictly positive and by simple change of variable. In order to evaluate (19) and (20), the LT of the aggregate interference I v is required, which depends on spatial distributions of the sets of interfering BSs and interfering
UEs,Ψ d andΨ u , respectively. The set of interfering BSs Ψ d is the same as the original set of BSs Ψ d excluding the test BS. Hence,Ψ d is a PPP with intensity λ. Due to the saturation condition (i.e., λ u ≫ λ) and the fact that each BS assigns a unique channel to each of the associated users, the intensity of the interfering UEsΨ u on a certain channel is also λ. However,Ψ u is not a PPP because only one UL UE is allowed to use a certain channel in each Voronoicell. This imposes correlations among the positions of the interfering UL UEs on each channel, which violates the PPP assumption. Furthermore, the employed association makes the set of interfering UL UEsΨ u and the set of interfering BSsΨ d correlated. The inter-correlations between the interfering UEs and the cross-correlations between the UEs and BSs impede the model tractability. Hence, to maintain the tractability, we ignore these correlations. The used assumptions to keep the model tractability are formally stated below. 
Remark 1. Both Assumptions are necessary to maintain the model tractability. Assumption 1 has been used and validated
in [8] , [9] , [11] , [17] , [18] .
It is important to mention that both assumptions ignore the mutual correlations between the interfering sources, however, the correlation between the interfering sources and the test receiver are captured through the proper calculation for the interference exclusion region enforced by association and/or UL power control. The accuracy of the developed model under assumption 1 and assumption 2 is validated via independent Monte Carlo simulation in Section IV.
Based on the previous assumptions, the LT of the aggregated interference, which is required to evaluate (19) and (7), is given by the following Lemma. (21) and (22) on the top of the this page, where,
Lemma 1. The LT of the aggregate interference affecting the DL and UL, including the SI, is given by the equations
2NT
fR(r) = 2πλr exp −πλr
E Pu
where,
and γ(., .) is the lower incomplete gamma function.
Proof: Due to space constrains, the proof is provided online at [23] .
Exploiting Lemma 1, (19) , and (20), the following theorems for the outage and rate are obtained. , unity means exponentially distributed channels power gains, and accounting for 2NA and 3NA, the outage probability in the DL and UL can be found by the following equations, respectively, 
where L I d (.), L Iu (.) and f R (ro) are given by equations (21) , (21) , and (26), respectively.
Proof: Follows directly from equation (20) .
Theorem 1 and Theorem 2 provide unified outage and rate expressions for 2NT and 3NT cases. These expressions are used in the next section to compare the performance and get insights into the operation of the 2NT and 3NT.
IV. RESULTS AND DISCUSSION
Throughout this section, we verify the developed mathematical paradigm via independent system level simulations, where the BSs are realized via a PPP over an area of 400 Km 2 . Then, the UEs are distributed uniformly over the area such that each BS has at least two UEs within its association area. Each BS randomly selects two UEs within its Voronoi cell to serve. The SINR is calculated by summing the interference powers from all the UEs and the BSs after multiplying them by the effective received energy factors. In the uplink, the transmit powers of the UEs are set according to the power control discussed in Section II. The results are taken for UEs and BSs within a square of 4Km 2 around the center to avoid the edges effect. Unless otherwise stated, the parameters values in Table 1 are used. figure also shows that the 2NT slightly outperforms 3NT only for low values of β d . The performance difference between 2NT and 3NT is smaller at low values of α, e.g., for α = 0.28859 at which the UL performance is maximized 2 , the rate is approximately the same.
To visualize the rate behavior with β d , we plot Fig. 3 . The figure compares the performance of 2NT and 3NT for different values of α; α=1 (FD, where the DL rate is maximized), α=0.28859 (where the UL rate is maximized), and α=0 (the conventional HD case). For the FD case, 2NT offers 5% more rate over 3NT for β d < −95 dB. At α=0.28859 3NT has similar performance to the 2NT for low values of β, and outperforms the 2NT for high values of β.
Last but not least, Fig. 4 shows the rate behaviour with α for exponential and degenerate distributions for SI power cancellation. The figure shows that the performance in both cases is almost identical. This implies that the models and insights obtained for any of the two cases in the literature hold for the other. 
A. Discussion
As Fig. 3 shows, there is a turning point between the 2NT and the 3NT performance, this point occurs when the SI experienced by DL UEs in the 2NT becomes more significant than the intra-cell interference experienced by DL-UEs in 3NT. Interestingly, even when the SI is negligible, the 2NT does not offer significant gains when compared to the 3NT that experience inta-cell interference. Hence, network operators can harvest almost similar FD gains by HD UEs to the gains harvested by FD UEs with efficient SI cancellation capabilities. In the case that FD UEs have poor SI cancellation capabilities, the 3NT can offer significant gains when compared to the 2NT case. In all cases, network operators do not need to carry the burden of implementing SI cancelation in the UEs to harvest FD gains.
V. CONCLUSION
This paper presents a mathematical paradigm for cellular networks with FD BSs and HD/FD users. The presented model captures detailed system parameters including pulse shaping, filtering, imperfect self-interference cancellation, partial uplink/downlink overlap, uplink power control, and limited users' transmit powers. To this end, unified rate expressions for 2 node topology (2NT) with FD users and 3 node topology (3NT) with HD users are presented and used to compare their performance. The results show that there exist a turning point, that depends on the efficiency of self-interference cancellation, at which the performance of 3NT outperforms the 2NT. The results also show that even when SI is efficiently canceled, the 2NT does not offer significant gains when compared to the 3NT operation. This implies that network operators can harvest FD gains by implementing FD transceivers at their BSs regardless of the state of the users (i.e., FD or HD).
